As part of the mm-Wave Interferometric Survey of Dark Object Masses (WISDOM) project we present an estimate of the mass of the supermassive black hole (SMBH) in the nearby fast-rotating early-type galaxy NGC4429, that is barred and has a boxy/peanut-shaped bulge. This estimate is based on Atacama Large Millimeter/submillimeter Array (ALMA) cycle-2 observations of the 12 CO(3-2) emission line with a linear resolution of ≈13 pc (0. 18 × 0. 14). NGC4429 has a relaxed, flocculent nuclear disc of molecular gas that is truncated at small radii, likely due to the combined effects of gas stability and tidal shear. The warm/dense 12 CO(3-2) emitting gas is confined to the inner parts of this disc, likely again because the gas becomes more stable at larger radii, preventing star formation. The gas disc has a low velocity dispersion of 2.2 +0.68 −0.65 km s −1 . Despite the inner truncation of the gas disc, we are able to model the kinematics of the gas and estimate a mass of (1.5±0.1 +0.15 −0.35 ) ×10 8 M for the SMBH in NGC4429 (where the quoted uncertainties reflect the random and systematic uncertainties, respectively), consistent with a previous upper limit set using ionised gas kinematics. We confirm that the V-band mass-to-light ratio changes by ≈30% within the inner 400 pc of NGC4429, as suggested by other authors. This SMBH mass measurement based on molecular gas kinematics, the sixth presented in the literature, once again demonstrates the power of ALMA to constrain SMBH masses.
INTRODUCTION
The physical processes involved in the evolution of galaxies act on scales that span many orders of magnitude in both time and space. From the effects of large-scale structure to those of smallscale turbulence, and from gas accretion/halo shocks to stellar feedback, understanding how these processes couple with each other across these spatial and temporal dimensions is one of the key challenges in contemporary astrophysics.
Being physically small, but gravitationally important, and with the potential to power jets and winds that can affect the evol-1995; Ferrarese et al. 1996; Sarzi et al. 2001; Neumayer et al. 2007; Greene et al. 2010) . Measurements made using these techniques have led to our current empirical SMBH -galaxy relations (e.g. Kormendy & Ho 2013; McConnell & Ma 2013; van den Bosch 2016) .
Over the last few years, as ALMA (Atacama Large Millimeter/submillimeter Array) and its precursors grew in power, molecular gas kinematics has begun to be used to estimate SMBH masses. The Virgo cluster fast-rotating early-type galaxy (ETG) NGC4526 was the first object to have its SMBH mass measured using this method (Davis et al. 2013b) , and measurements in NGC1097 (Onishi et al. 2015) and NGC1332 (Barth et al. 2016a,b) soon followed. presented a figure of merit specific to this technique and showed that this method should allow SMBH mass measurements in thousands of galaxies across the universe, while Hezaveh (2014) discussed the prospects of its use in lensed galaxies at very high redshifts.
This paper is the third in the mm-Wave Interferometric Survey of Dark Object Masses (WISDOM) project. This survey builds on some of these small pilot projects (Davis et al. 2013b; Onishi et al. 2015) , and it aims to benchmark and test the molecular gas dynamics method, develop tools and best practice, and exploit the growing power of ALMA to better populate and thus constrain SMBH -galaxy scaling relations. The first paper in this series ) discussed in detail the tools and fitting procedures developed so far, and presented a mass measurement in the nearby fast-rotating early-type galaxy NGC 3665 using CARMA (Combined Array for Research in Millimeter-wave Astronomy). The second paper ) presented an ALMA measurement of the SMBH in the dynamically cold molecular disc of the elliptical galaxy NGC4697.
In this work we present ALMA cycle-2 observations of the molecular gas disc in the centre of the fast-rotating Virgo cluster barred lenticular galaxy NGC4429 (see Fig. 1 ), and we use these to estimate the SMBH mass. In Section 2 of this paper we describe our target. In Section 3 we present our ALMA observations and the derived data products. In Section 4 we describe our dynamical modelling method. In Section 5 we discuss our results before finally concluding in Section 6. Throughout this paper we assume a distance of 16.5±1.6 Mpc for NGC4429 (Cappellari et al. 2011) , as derived from the surface brightness fluctuation measurements of Tonry et al. (2001) . At this distance one arcsecond corresponds to a physical scale of ≈80 pc.
TARGET
NGC4429 is a lenticular galaxy with a boxy/peanut-shaped bulge (Erwin & Debattista 2013) , that lies within the Virgo cluster. Optical integral-field observations as part of the ATLAS 3D project (Cappellari et al. 2011) revealed that NGC4429 has a total stellar mass of 1.5×10 11 M , a luminosity-weighted stellar velocity dispersion within one effective radius of σ e = 177 km s −1 (Cappellari et al. 2013a) , and is a fast rotator (λ R e =0.4; Emsellem et al. 2011) .
Hubble Space Telescope (HST) imaging ( Figure 1) shows that NGC4429 has a nuclear disc of dust visible in extinction against the stellar continuum. Young et al. (2011) detected (1.1±0.08) × 10 8 M of molecular gas via 12 CO(1-0) singledish observations, and Alatalo et al. (2013) mapped this gas with CARMA. The 12 CO(1-0) emitting gas lies co-incident with the dust disc and regularly rotates in the galaxy mid-plane (Davis et al. 2011b; Davis et al. 2013a ). The star formation rate (SFR) within this molecular disc has been estimated at 0.1 M yr −1 by using mid-infrared and far-ultraviolet emission.
There is unresolved (sub-arcsecond) radio continuum emission from the central regions of NGC4429, suggesting it harbours a low-luminosity active galactic nucleus (AGN; Nyland et al. 2016) . Optical spectroscopy also reveals signatures of nuclear activity in NGC4429, including a broad-line region seen in Hα (Beifiori 2011; Constantin et al. 2015) . The mass of the SMBH has not been sucessfully measured to date, but Beifiori et al. (2009) did set an upper limit of 1.8 × 10 8 M . This upper limit is consistent with the prediction of the M BH -σ * relation of McConnell & Ma (2013) , that suggests an SMBH mass of ≈ 1.0 × 10 8 M .
ALMA DATA
The 12 CO(3-2) line in NGC4429 was observed with ALMA on both the 26th and 27th of June 2015 as part of the WISDOM project (programme 2013.1.00493.S). The total integration time on source was 1.17 hours, split equally between the two tracks. Fortytwo of ALMA's 12m antennas were used, arranged such that the data are sensitive to emission on scales up to 11. 2. An 1850 MHz correlator window was placed over the 12 CO(3-2) line, yielding a continuous velocity coverage of ≈1600 km s −1 with a raw velocity resolution of ≈0.4 km s −1 , sufficient to properly cover and sample the line. Three additional 2 GHz wide low-resolution correlator windows were simultaneously used to detect continuum emission.
The raw ALMA data were calibrated using the standard ALMA pipeline, as provided by the ALMA regional centre staff. Additional flagging was carried out where necessary to improve the data quality. Amplitude and bandpass calibration were performed using the quasars 3C273 and J1229+0203, respectively. The atmospheric phase offsets present in the data were determined using J1229+0203 as a phase calibrator.
We then used the Common Astronomy Software Applications (CASA) package to combine and image the visibility files of the two tracks, producing a three-dimensional RADec-velocity data cube (with velocities determined with respect to the rest frequency of the 12 CO(3-2) line). In this work we primarily use data with a channel width of 10 km s −1 , but in Section 4.3 we re-image the calibrated visibilities with a channel width of 2 km s −1 . In both cases, pixels of 0. 05 were chosen as a compromise between spatial sampling and resolution, resulting in approximately 3.5 pixels across the synthesised beam.
The data presented here were produced using Briggs weighting with a robust parameter of 0.5, yielding a synthesised beam of 0. 18 × 0. 14 at a position angle of 311 • (a physical resolution of 14 × 11 pc 2 ). Continuum emission was detected, measured over the full line-free bandwidth, and then subtracted from the data in the uv plane using the CASA task uvcontsub. The achieved continuum root-mean square (RMS) noise (in both reductions) is 36 µJy. The continuum-subtracted dirty cubes were cleaned in regions of source emission (identified interactively) to a threshold equal to the RMS noise of the dirty channels. The clean components were then added back and re-convolved using a Gaussian beam of full-width-at-halfmaximum (FWHM) equal to that of the dirty beam. This produced the final, reduced, and fully calibrated 12 CO(3-2) data cubes of NGC4429, with RMS noise levels of 0.61 mJy beam −1 in each 10 km s −1 channel (and 1.34 mJy beam −1 in 2 km s −1 channels).
Line emission
For each of the two velocity binnings used, the clean, fullycalibrated data cube produced as described above was used to create our final data products. A zeroth moment (integrated intensity) map, first moment (mean velocity) map, and second moment (velocity dispersion) map of the detected line emission were cre- As above, but overlaid with blue 12 CO(3-2) integrated intensity contours from our ALMA observations. The synthesised beam is shown as a (very small) white ellipse at the bottom left of the panel (0. 18 × 0. 14 or 14 × 11 pc 2 ). The molecular gas disc coincides with the inner part of the dust disc and exhibits a central hole.
ated using a masked moment technique. As in our previous works, a copy of the clean data cube was Gaussian-smoothed spatially (with a FWHM equal to that of the synthesised beam), and then Hanning-smoothed using a 3 channel window in velocity. A threedimensional mask was then defined by selecting all pixels above a fixed flux threshold of 1.5 times the RMS noise, selected to recover as much flux as possible in the moment maps while minimising the noise. The moment maps were then created using the original un-smoothed cubes within the masked regions only, without any threshold. The moments of the 10 km s −1 channel −1 cube are presented in Figure 2 .
We clearly detect a flocculent disc of molecular gas in NGC4429, with a radius of ≈400 pc. This disc has a central hole of ≈40 pc in radius. The gas is regularly rotating and lies only in the inner part of the dust disc visible in HST images (see Fig. 1 ). We discuss the morphology of the gas further in Section 5.
A major-axis position-velocity diagram (PVD; taken with a position angle of 93 • , as determined below, and a width of 5 pixels) was extracted from the same data cube and is shown in Figure 3 . The channel maps are presented in Section 11. The velocity dispersion in this molecular gas disc seems very low, with clear channelisation present in the PVD (Figure 3 ), similar to that seen in NGC4697 . This suggests that the velocity dispersion is small compared to our channel width of 10 km s −1 . This is discussed further in Sections 4.3.5 and 5.4. Figure 4 shows the integrated 12 CO(3-2) spectrum of NGC4429, exhibiting the classic double-horn shape of a rotating disc. The total flux is 75.45 ± 0.09 ±7.5 Jy km s −1 (where the second error is systematic and accounts for the ≈10% flux calibration uncertainty of the ALMA data). By comparing this measurement with that of 12 CO(1-0) (Alatalo et al. 2013 , also shown as a grey dashed line in Figure 4 ), we find a 12 CO(3-2)/ 12 CO(1-0) intensity ratio of 1.06 ± 0.15 (when using beam temperature units; see Fig 4) , within the range usually found for the discs of nearby Figure 2 . Moments of the detected 12 CO(3-2) emission in NGC4429. Left: 12 CO(3-2) zeroth moment (integrated intensity) map, created using the maskedmoment technique described in Section 3.1. Right: First and second moment (velocity and velocity dispersion) maps of the 12 CO(3-2) emission, created using the same mask. The synthesised beam (0. 18 × 0. 14 or 14 × 11 pc 2 ) is shown as a black ellipse at the bottom left of each panel. Figure 3 . Position-velocity diagram of the 12 CO(3-2) emission in NGC4429, extracted along the kinematic major axis with a slit 5 pixels in width. We do not show the beamsize (0. 18 × 0. 14) or velocity channel width (10 km s −1 ) explicitly in this plot, as they are very small compared to the ranges plotted. Clear channelisation is present in the PVD, suggesting the velocity dispersion in the gas is small compared to our channel width. spiral galaxies (0.5-1.4, e.g. Tsai et al. 2012) . The line emission we detect provides an estimate of the mass of the cold gas and its distribution. This may need to be taken when estimating the SMBH mass, as is discussed further in Section 4.3.6. The 12 CO(1-0) line is substantially wider than the 12 CO(3-2) line, suggesting they are distributed somewhat differently. This is discussed in detail in Section 5.2. . Integrated 12 CO(3-2) spectrum extracted from our observed data cube in an 8 ×4 (440 pc × 220 pc) region around the galaxy centre, covering all the detected emission. The spectrum shows the classic doublehorn shape of a rotating disc. Also shown as a dashed grey histogram is the CARMA 12 CO(1-0) integrated spectrum from Alatalo et al. (2013) , that has a significantly broader velocity width than that of the CO(3-2) emission.
Continuum emission
As mentioned above, continuum emission was detected at the very centre of NGC4429 ( Figure 5 ). The peak of this continuum emission is detected at >30σ, and we find a total integrated intensity of 1.38 ± 0.07 ±0.14 mJy (where again the second error is systematic and accounts for the ALMA flux calibration uncertainty). We constrain the position and size of this source using Gaussian fitting with the CASA task IMFIT. The IMFIT shows that this source at the heart of NGC4429 is marginally spatially resolved. The deconvolved size (based on a gaussian source model) is estimated to be 112.2 ± 16 by 63 ± 16 milliarcseconds 2 (≈ 9 × 5 pc 2 ), with a position angle of 143 ± 16 deg. We discuss the mechanism likely producing this emission in Section 5.3.
METHOD & RESULTS
Our goal in this paper is to estimate the mass of the SMBH at the centre of NGC4429. We are hindered, however, by the central hole present in the gas distribution (see Figure 2) . This hole has a radius of ≈40 pc, somewhat larger than the formal sphere of influence (SOI) of the expected SMBH (R SOI ≈ 15 pc given the source properties discussed above). However, as discussed in and confirmed by our previous WISDOM works, the formal SOI criterion is not particularly meaningful for SMBH mass estimates using molecular gas kinematics (see also Yoon 2017) . When using a method based on cold gas, it is the central circular velocity profile (rather than the velocity dispersion profile) of the galaxy that is important.
We thus applied the figure of merit criterion (Γ FOM ), as presented in Equation 4 of , to our data. We used the black hole mass and channel size discussed above. In NGC4429 the expected circular velocity at the edge of the central molecular hole due to the stellar mass distribution is 120 km s −1 , calculated by multiplying the luminous mass model of Scott et al. (2013) with the mass-to-light ratio of Cappellari et al. (2013a) , and calculating the circular velocity as described in Appendix A of Cappellari (2002) . The errors in the circular velocities due to our mass model are assumed to be ±10 km s −1 (see Section 4.3). Ellipse fitting to the dust disc in the F606W band HST image yields an inclination i = 66 • . When combined, these parameters yield a Γ FOM of 3, suggesting we should be able to put constraints on the SMBH mass in this system. We note, however, that due to the central hole in the gas distribution, any SMBH mass estimate will be sensitive to errors in our stellar mass modelling (as discussed further below).
In the rest of this Section, we therefore outline our method to estimate the SMBH mass and other physical parameters of NGC4429 from the observed molecular gas kinematics.
Gas dynamical modelling
In this paper we use the same forward modelling approach applied in the other papers of this series to estimate the black hole mass (and other physical parameters) of NGC4429.
Briefly, we utilise the publicly available KINematic Molecular Simulation (KINMS 1 ) mm-wave observation simulation tool of Davis et al. (2013a) , coupled to the Markov Chain Monte Carlo (MCMC) code KINMS_MCMC (Davis et al. in prep.) . This tool allows input guesses for the true gas distribution and kinematics and, assuming the gas is in circular rotation, produces a simulated data cube that can be compared to the observed data cube (taking into account the observational effects of beam-smearing, spatial and velocity binning, disc thickness, gas velocity dispersion, etc.). Full details of the fitting procedure are described in WISDOM paper II ), but we highlight the important aspects below.
Gas distribution
One of the inputs of the KINMS models is an arbitrarily parameterised function Σ gas (r) that describes the radial gas surface brightness distribution, here assumed to be axisymmetric. Because the molecular disc in NGC4429 is clumpy (due to the detection of individual molecular clouds) we do not aim to reproduce all the internal features of gas distribution. Instead, only the coarser features of the gas disc are fitted.
As Figure 2 shows, the gas disc in NGC4429 has a hole in the centre. In addition, our ALMA observations reveal that the gas surface density does not decrease smoothly to our detection limit, but instead appears to be truncated (see Figure 6 ). We thus model the gas distribution using an exponential disc with inner and outer truncations. There are a few scattered molecular clouds that extend slightly further out and these we model with a constant low surface brightness plateau. This distribution has 5 free parameters: the exponential disc scale length (r scale ), the inner and outer truncation radii (r inner and r outer ), the plateau surface brightness Σ plateau and the outer edge radius r plateau . Overall the profile is parameterised as
The first truncation provides the inner hole in the gas distribution. showing the data in black and our best-fit KINMS model (with a surface brightness profile as defined in Eqn. 1) in red. Note that the gas surface density does not decrease smoothly to our detection limit, but instead appears to be truncated.
The second provides the sharp edge in the outer parts of the CO(3-2) distribution (see Fig. 6 ). The plateau allows us to model the few low-surface brightness clouds that extend beyond the sharp edge of the disc. We note that excluding the plateau would not change any of the derived model parameters. The best-fit profile, convolved to match our observations, is shown in red in Figure 6 . Various other free parameters of the gas disc are also included in the model. These are the total flux, position angle (φ kin ), and inclination (i) of the gas disc, as well as its kinematic centre (in RA, Dec, and velocity). We find no evidence of a warp in this galaxy, so the inclination and position angle are each fit with a single value valid throughout the disc. Overall, our gas distribution model thus has 11 free parameters.
Stellar distribution
As in our other works, to account for the contribution of visible matter and calculate the true mass of any dark object present at the centre of NGC4429, we construct a luminous mass model. We parameterise the luminous matter distribution using a multi-Gaussian expansion (MGE; Emsellem et al. 1994 ) model of the stellar light distribution, constructed using the MGE_FIT_SECTORS package of Cappellari (2002) . Our best-fit MGE model is tabulated in Table 1 and shown visually in Figure 7 . This was constructed from an HST Wide-Field Planetary Camera 2 (WFPC2) F606W image, in combination with an r -band image from SDSS. We used the F606W image as our reference for flux calibration, assuming the absolute magnitude of the Sun in this band to be 4.67 (Mancone & Gonzalez 2012) . As in our previous works we mask the region where the central dust disc obscures the stellar light profile, leaving only the unobscured minor axis to constrain our fits. This masking makes it hard to judge the quality of our fits from the images in Figure 7 , and thus we also show in Figure 8 a cut along the minor axis of the HST image of NGC4429, overlaid with the MGE profile. This demonstrates that we achieve an excellent fit to the inner light distribution.
We note that our MGE models assume that the object is Table 1 . MGE parameterisation of the galaxy F606W light profile. axisymmetric, so we do not attempt to fit the boxy/spiral features at intermediate radii in NGC4429, but rather only the smooth underlying disc structure of this fast-rotating ETG. As the CO is confined to the innermost kiloparsec of this object, we do not expect this to affect our results.
This model of the stellar light can be de-projected analytically, given an inclination that we fix here to be the same as that of the molecular disc (as fitted by KINMS_MCMC). When combined with a stellar mass-to-light ratio (M/L; another free parameter in our modelling), the light model then directly predicts the circular velocity of the gas caused by the luminous matter. We note that NGC4429 contains an AGN, that likely contributes significantly to the unresolved point source at the galaxy centre. We subtract this point source by removing the innermost (spatially unresolved) Gaussian from our MGE model (as listed in Table 1 ). We note that including this point source does not significantly alter our results (as discussed in Section 4.3.2).
Here we find (as in Davis & McDermid 2017 ) that a M/L gradient is required to fit the observed gas kinematics. After testing various functional forms (e.g. linear, second order power law, broken power law), we found that assuming a M/L (referred to here as Ψ for brevity) that is piecewise linear as a function of radius provides the best fit to the data. We thus parameterise Ψ (r) as
where
and
Ψ cent is the the M/L in the galaxy centre, Ψ break and r break are the M/L and radius of the break in the M/L profile, respectively, and Ψ outer is the M/L at the edge of our detected gas disc (r outer = 5 or 400 pc). As we define the M/L to be a continuous function, the intercept of the outer component is entirely determined by Ψ cent , m 2 and r break , as shown in Equation 5. In what follows, however, we fix the inner component to be flat (m 1 = 0, Ψ break = Ψ cent ) as our data always drove the fit towards this solution. Using this form we Figure 7 . Our MGE model of NGC4429 (red contours), overlaid on an SDSS r -band image on the left and an HST Wide-Field Planetary Camera 2 (WFPC2) F606W image on the right (both shown with black contours). The small central dust disc has been masked in the fitting procedure. Note that we do not attempt to fit the boxy bulge or spiral features, but rather the smooth underlying disc structure. Figure 8 . Radial surface brightness distribution of the HST Wide-Field Planetary Camera 2 (WFPC2) F606W image of NGC4429 along its minor axis (black crosses). In red is our MGE model, demonstrating that we achieve a good fit to the inner light distribution.
thus add three free parameters to our fitting. We discuss this choice of parameterisation in detail in Section 4.3.2, but note here that all reasonable forms tested that did not include a centrally peaked mass concentration (that leads to a Keplerian-like rise in the circular velocity curve) could not reproduce our data without the addition of a SMBH (see Section 4.3).
To include this M/L gradient in our model we follow Davis & McDermid (2017) by scaling by Ψ (r) the circular velocity curve calculated from our MGE model assuming an M/L of unity. The derived Ψ (r) is valid in the F606W band, as defined in the HST WFPC2 system, although we abbreviate this to M/L V here.
In this work we always assume that the gas is in circular motion, and hence that the gas rotation velocity varies only radially. We do, however, also include a parameter for the internal velocity dispersion of the gas, that is assumed to be spatially constant. Note that our treatment of the velocity dispersion is not self-consistent dynamically (i.e. we do not solve Jeans' equations, but simply add a Gaussian scatter to our velocities). As the gas velocity dispersion is much smaller than its circular velocity at all radii in molecular gas discs (and indeed here), this is very unlikely to affect our results.
As already mentioned in Section 3.1, the gas velocity dispersion in this source appears to be significantly smaller than our channel width of 10 km s −1 . We conduct an independent analysis with our 2 km s −1 channel −1 cube in Section 4.3.5 to estimate the true value of the gas velocity dispersion. We henceforth fix this parameter to that value (≈2.2 km s −1 ) in our SMBH mass fitting. We tested that allowing this parameter to vary during SMBH fitting does not alter any of the other best fit parameters. The effects of other potential deviations from circular motion are discussed in Section 4.3.
Bayesian analysis
As mentioned above, we use a Bayesian analysis technique to identify the best set of model parameters. This allows us to obtain samples drawn from the posterior distribution of the fifteen model parameters (including the SMBH mass; see Table 2 ). We utilise a MCMC method with Gibbs sampling and adaptive stepping to explore the parameter space. A full description of this MCMC code as well as details of cross checks with the well tested MCMC code EMCEE (Foreman-Mackey et al. 2013 ) will be presented in Davis et al., in preparation. As our data are approximately Nyquist sampled spatially, neighbouring spaxels are strongly correlated by the synthesised beam. To deal with this issue we calculate the full covariance matrix analytically, and include it when estimating the likelihood. We use this covariance matrix with a standard logarithmic likelihood function based on the χ 2 distribution. Full details of this procedure are described in Section 4.2.1 of . The disadvantage of this method is that the numerical inversion of the covariance matrix becomes unstable for large images. We thus limit ourselves to fitting only 64 × 64 pixel 2 areas when including the full covariance calculation.
Fitting process
As the molecular gas disc in NGC4429 is large compared to the synthesised beam, we adopt a two-step fitting process. We initially Column 1 lists the fitted model parameters, while Column 2 lists the prior for each. The prior is assumed to be uniform in linear space (or in logarithmic space for the SMBH mass only). The posterior distribution of each parameter is quantified in the third to fifth columns (see also Fig. 3 ). The parameters indicated with a star ( * ) in Column 1 were constrained in the fit to the full data cube only, and hence their uncertainties are likely to be underestimated. The X, Y and velocity offset nuisance parameters are defined relative to the ALMA data phase centre position (12 h 27 m 26. s 508, +11 • 06 27. 76, V=1104 km s −1 ). fit a 160 × 160 pixel 2 area that roughly covers the entire molecular gas disc, using a simple χ 2 -based likelihood function without taking into account the covariance between pixels. This allows us to obtain estimates of the parameters that are constrained by the outer disc (Ψ outer , r outer , Σ plateau , r plateau ). Ignoring the covariance between pixels does not affect the best-fit values, but it does mean their uncertainties will be somewhat underestimated. However, because constraining these parameters is not the goal of this work, and the SMBH mass does not depend on them, we do not expect this simplification to affect our conclusions. Once these four parameters have been determined we fix their values and run the fitting a second time, including the covariance matrix (now with only 11 free parameters), but only in the central 64 × 64 pixel 2 (3. 2 × 3. 2) area of the galaxy disc.
We set reasonable flat priors (an assumption of maximal ignorance) on all the free parameters during both of these fitting procedures to ensure our kinematic fitting process converges. These are listed in Table 2 . The kinematic centre of the galaxy was constrained to lie within two beam-widths of the optical galaxy centre position. The systemic velocity was allowed to vary by ±20 km s −1 from that found by optical analyses. The disc scale length was constrained to be less than 10 . The M/L parameters were constrained such that the M/L could vary between 0.1 and 10.0 M /L ,V within the inner 5 of the galaxy. The prior on the SMBH mass was flat in log-space, with the mass allowed to vary between log 10 ( M BH M ) = 4.8 and 9.8. Good fits were always found well within these ranges. The inclination of the gas disc was allowed to vary over the full physical range allowed by the MGE model. As is often the case, the best-fit inclination lies near the edge of this allowed range (suggesting the flattest Gaussians in our MGE are indeed tracing a disc-like structure at this inclination). Both the inclination and position angle priors were flat in angle, rather than in the sine/cosine quantities that actually enter the analysis. We re-ran the fitting process with flat priors in sin(i) and cos(φ kin ), respectively, and confirmed that this does not affect the best-fit values obtained.
Both fits were run until convergence, and then the best chains were run for 100,000 steps (with a 10% burn-in) to produce our final posterior probability distributions. For each model parameter these probability surfaces were then marginalised over to produce a best-fit value (the median of the marginalised posterior samples) and associated 68% and 99% confidence levels (CLs). Figure 9 shows the one-and two-dimensional marginalisations of the physical parameters included in the fit to the galaxy central regions (SMBH mass, M BH ; M/L central value, Ψ cent ; break radius, r break ; molecular gas exponential disc scale, r scale ; disc truncation radius, r inner ; disc inclination, i; and disc position angle, φ kin ). Quantitative descriptions of the likelihoods of all parameters are presented in Table 2 .
Most of our parameters are independent of each other, but we do find some degeneracies. As expected, the SMBH mass is degenerate with Ψ cent (as is always the case in any SMBH mass fit). The inner parameters of the M/L profile (Ψ (r)) are also somewhat degenerate, as Ψ cent correlates positively with r break . Despite these degeneracies all three parameters remain well constrained by the data, and the additional scatter introduced is included when marginalising to obtain our final uncertainties. Figure 9 . Visualisation of the multidimensional parameter space explored by our fit to the observed data from the central 3. 2 × 3. 2 of NGC4429. In the top panel of each column a one-dimensional histogram shows the marginalised posterior distribution of that given parameter, with the 68% (1σ) confidence interval shaded in pale grey. In the panels below, the greyscale regions show the two-dimensional marginalisations of those fitted parameters. Regions of parameter space within the 99% confidence interval are coloured in pale grey, while regions within the 68% confidence interval are coloured in dark grey. See Table 2 for a quantitative description of the likelihoods of all fitting parameters.
We clearly detect the presence of a massive dark object in the centre of NGC4429, with a mass of (1.5±0.1) ×10 8 M (at the 99% CL). Figure 10 shows the observed PVD overlaid with the best-fit model, and with models with no SMBH and an overly large SMBH. A model with a fine-tuned SMBH mass clearly reproduces the kinematics of the molecular gas better than the alternatives. In Figure  11 we show our best-fit model (in black) overlaid on the channel maps of our ALMA observations. The model is an excellent fit to the gas kinematics throughout the molecular gas disc.
The best-fit V-band mass-to-light ratio is 6.6 +0.09
M /L ,V in the central parts of the galaxy, rising to 8.25±0.06 M /L ,V at 400 pc. Note that the uncertainties quoted here include random errors only, but we discuss systematic sources of error in Section 4.3. These M/Ls are somewhat different from the r -band value of 6.1±0.4 (within ≈1 R e or 3.2 kpc) derived via Jeans Anisotropic Models (JAM; Cappellari 2008) of the SAURON stellar kinematics by Cappellari et al. (2013a) . Note however that the JAM model in that work has low quality (qual=0), due to the dust features preventing an accurate MGE fit from the SDSS image alone, especially in the region of the dust disc (see Scott et al. 2013 ). We performed a new mass-follows-light JAM fit on the SAURON data using the MGE given in Table 1 and find M/L r =8.8, in better agreement with the gas dynamical values presented here.
Main uncertainties
Sources of uncertainty in molecular gas SMBH mass measurements have been considered in depth in previous papers of this series, and we refer readers to these works for full details. In this Section we briefly touch upon the main uncertainties that could affect the specific results derived in this work.
Distance uncertanties
All SMBH mass estimates are systematically affected by the distance they assume to their target galaxy (with M BH ∝ D). For NGC4429 we use a surface brightness fluctuation distance from Tonry et al. (2001) , that has a formal uncertainty of ≈10%. Thus the distance-related systematic uncertainty on the SMBH mass is of a similar order as our random errors. We include this systematic uncertainty estimate as a second error term on our SMBH mass in what follows.
Mass model uncertainties
We use an MGE model of the stellar light distribution to estimate the contribution of luminous matter to the observed gas kinematics. This model can be contaminated by dust and the presence of an AGN, and the conversion between light and mass is also uncertain. This could, in principle, lead to an under/overestimate of the stellar luminosity/mass in some parts of our object, and thus bias the derived parameters.
A potential contaminant is the optically obscuring dust that is clearly present in the centre of NGC4429 (see Figure 1) . To minimise the effect of this dust on our MGE model we carefully mask the affected regions to avoid any contamination. This has been shown to work well to recover the intrinsic light distribution of such systems (Cappellari 2002 ). In addition, we are helped here by the fact that the nucleus of the galaxy appears relatively extinction free (within ≈0. 5). Dust is present in most of the molecular disc, however, where the M/L is primarily constrained.
A changing M/L with radius might be expected within the star-forming molecular disc. Davis & McDermid (2017) studied this in detail in a sample of ETGs (including NGC4429). Although, in general, they found such gradients to be negligible, NGC4429 was identified as having a significant gradient. We thus explicitly included and fit for the radial variation of the M/L here. Figure 12 shows the best-fit M/L radial profile in our object (black line), along with 200 realisations drawn from our posterior probability distribution (grey curves), showing the allowed range of variation around this best fit. To independently verify that a simple piecewise linear model is a good representation of the data we repeated our fitting procedure, allowing the M/L to vary independently in 10 radial bins (following the formalism introduced by Davis & McDermid 2017) . The black points with error bars in Figure 12 show these estimates, that agree well with our simple piecewise linear approximation. This gives us confidence that such a model, although not unique, at least well reproduces the features seen in our data.
This approach also has the advantage that we are able to subsume the effect of any simple error in the mass profile of the galaxy into our fitted M/L gradient. For instance, the dust appears fairly uniform in our HST imaging, and thus the M/L gradient we allow for should allow us to marginalise over its potential effect. Our previous papers highlighted the possibility of errors in the MGE mass profile itself, and these can also be subsumed as long as they can be reasonably fitted by our model.
As mentioned above, given the central hole in the gas distribution, any SMBH mass estimate will be sensitive to errors in our stellar mass modelling and determination of the M/L gradient. Indeed, our best-fit model predicts a total stellar mass of 3×10 8 M within r inner (the radius at which the molecular hole begins), and thus our SMBH makes up only 1/3 of the total mass in that region. It is thus interesting to consider what sort of M/L variation would remove the need for an SMBH entirely. Matching the velocity of the gas around the edge of the central molecular gas hole is possible, but it would require Ψ cent ≈11.6 M /L ,V . However, simply boosting the central M/L does not enable a good fit to the rest of the data cube to be found. The only way to match the observations is to include a rising central M/L (that leads to a Keplerian-like rise in the circular velocity curve). Although we cannot rule out this possibility (as with all other SMBH mass estimates), the simplest way to create such a rise is the presence of a massive dark object such as an SMBH.
A further possible contaminant is the AGN. NGC4429 does have some central radio emission and a broad Hα line that suggest ongoing low-level accretion. This AGN may contribute to the F606W waveband flux at the very centre, as a nuclear point source is seen in the image. We remove this point source from our MGE model in an attempt to minimise the effect of the AGN on our mass determination. Re-running the fitting procedures described above, but including the central unresolved component of our MGE model, yields a decrease of the SMBH mass of 0.2 dex. We include this additional uncertainty by adding it to our downward systematic error term in what follows. The true contribution of the AGN to the F606W flux is likely to be intermediate between the two cases tested, and thus we conclude that the presence of the AGN is unlikely to significantly bias our SMBH mass measurement.
Fitting area
As mentioned above (Section 3.1), no gas is present at the very centre of NGC4429 (around the SMBH itself). Molecular gas is detected only at larger radii, where the potential of the SMBH is still important but it is harder to disentangle its effect from that of the stellar potential. We thus depend on our mass model being accurate enough to derive SMBH constraints.
When fitting the gas kinematics over the whole data cube, many resolution elements are available to help us constrain the M/L and its gradient, but very few are available (at small radii) to constrain the SMBH mass. This can lead us to underestimate the uncertainty on the SMBH mass. To explore this effect, we repeated our fitting procedure using only data within 1 of the galaxy centre. We recovered the same best-fit SMBH mass and M/L, with increased uncertainties as expected (by a factor of ≈1.5 in this case). This suggests we are not biasing our best-fit SMBH mass by fitting a larger area of the molecular gas disc.
Non-circular motions
Significant non-circular motions (e.g. inflow, outflow, streaming) could affect our analysis, because we have assumed that the gas in NGC4429 is in purely circular motion. We consider this a reasonable assumption, however, because although this object clearly harbours a large-scale bar, this bar is unlikely to have a strong effect at small radii, deep within the bulge (where the molecular gas disc lies). We can also test for the presence of such motions by looking at the residuals between our data and the best-fit model. No such strong residual is found in NGC4429, suggesting that there is no significant non-circular motion within its very dynamically cold disc.
Gas velocity dispersion
The molecular gas velocity dispersion provides an additional source of uncertainty (see Barth et al. 2016b) . In the models presented here, we allow for a single value of the velocity dispersion throughout the disc. However, as mentioned in Section 4.1.2, the velocity dispersion is not well constrained by our data cube with a 10 km s −1 channel width. To investigate what the true gas velocity dispersion is, we rereduced our ALMA data with a channel width of 2 km s −1 . At this velocity resolution, we can constrain σ gas if it is larger than 0.8 km s −1 . We repeated the kinematic fitting described above on this higher velocity resolution data cube, allowing σ gas to vary. These fits were able to constrain the velocity dispersion, yielding a value of 2.2 +0.68 −0.65 km s −1 (at the 99% CL). We therefore fixed the gas velocity dispersion to this value in the kinematic fitting presented above (Section 4.2). Arbitrarily increasing the assumed gas velocity dispersion by an order of magnitude has a negligible effect on our best-fit SMBH mass, and thus we consider our results robust to any remaining uncertainty in this parameter. We nevertheless discuss the surprisingly low velocity dispersion of NGC4429 further in Section 5.4.
Gas mass and dark matter
In addition to luminous matter, the mass of dark matter and any ISM material present also contributes to the total dynamical mass of a galaxy, and thus could bias our best-fit parameters.
Dark matter, while important at larger galactocentric distances, is negligible at the radii we are probing here. Cappellari et al. (2013b) found that NGC4429 has a negligible dark matter fraction within one effective radius (R e ), and we are working well within this (at < R e /8).
However, the ISM of NGC4429 does provide an additional source of dynamical mass. Because this object is in the Virgo cluster, it is very HI poor ( < ∼ 10 7 M ; Serra et al. 2012) . Thus the molecular mass dominates any ISM contribution. In ETGs the molecular reservoirs are usually dynamically unimportant due to their low gas fractions (see e.g. Davis & McDermid 2017 ). Here, the total H 2 mass over the entire molecular gas disc is only ≈ 10 8 M (assuming a standard Galactic conversion factor), similar to the SMBH mass but distributed over a much larger area, and very much less than the estimated stellar mass within the same region (≈4.5×10 9 M ; estimated from our best-fit circular velocity curve at the edge of the 12 CO(3-2) emitting disk, R=5 ). In addition, due to the central hole in the gas distribution, the H 2 mass around the SMBH (within our inner resolution elements) is very low.
To estimate the maximum possible mass contribution from molecular gas in the central regions where it is undetected (within r inner ) we multiply the surface brightness sensitivity achieved in our observations (87.6 M pc −2 -assuming a Galactic X CO conversion factor and a CO(3-2)/CO(1-0) ratio of unity) by the area of the observed hole. The 3σ upper limit to the mass present in this region is then 1.9×10 6 M . Any change in the CO(3-2)/CO(1-0) ratio or X CO factor would thus have to be extremely significant (increases of a factor > 50) before undetected gas in the circum-nuclear regions of the galaxy could contribute significantly to the dark object mass we measure. Figure 11 . Channel maps of our ALMA 12 CO(3-2) data in the velocity range where emission is detected. The coloured regions with grey contours show the areas detected with more than 2.5σ significance. Overplotted in black are the same contour levels from our best-fit model. Our model agrees well with the observed data in every velocity channel. MNRAS in press, 1-18 (2015) Figure 12 . Mass-to-light ratio radial profile in NGC4429. The black line is our best-fit piecewise linear function, while 200 realisations drawn from our posterior probability distribution are shown in grey, revealing the allowed range of variation around this best fit. The black points with error bars are a second independent test, where the M/L was allowed to vary independently in 0. 5 width bins. Both methods agree within the errors, suggesting a piecewise linear function is a reasonable match to the data.
We ran a test to estimate the impact that including the gas mass in our modelling might have. KINMS allows the user to input the total gas mass and thus have the potential of the gas distribution included in the calculation of the circular velocity. In this case (even when giving the largest possible mass to the molecular component with a super-solar conversion factor), the best-fit parameters from Table 2 are unchanged. We thus consider our results robust against this uncertainty.
DISCUSSION

SMBH mass
In earlier sections we estimated a mass of (1.5±0.1 +0.15 −0.35 ) ×10 8 M for the SMBH in the centre of NGC4429 (where the last two values reflect the random and systematic uncertainties, respectively). This is fully consistent with the previous upper limit of 1.8 × 10 8 M set by Beifiori et al. (2009) .
In Figure 13 , we show the location of our object on the M BHeffective stellar velocity dispersion (σ e ) relation, using the compiled SMBH masses from van den Bosch (2016). NGC4429 is shown in blue and all of the other recent SMBH mass measurements using molecular gas are shown in red (Davis et al. 2013b; Onishi et al. 2015; Barth et al. 2016a; Onishi et al. 2017; . NGC4429 is fully consistent with lying on the best-fit M BH -σ e relation of van den Bosch (2016) . This suggests the presence of the bar in this system has not increased the average accretion rate onto the SMBH greatly, since it has not grown significantly beyond the M BH -σ e expectation.
Gas morphology and star formation
Radial extent
The 12 CO(3-2) emitting gas in NGC4429 is well fit by an exponential disc (with an exponential scale-length of 400 ± 10 pc), that is truncated at an inner radius of 48 ± 3 pc and an outer radius of 406 ± 10 pc. There are some scattered clouds that extend to a radius of ≈548 ± 10 pc. The whole structure is likely to be in equilibrium, as the dynamical time at the outer edge of the disc is only 10 Myr.
In Figure 14 we show the integrated intensity map of 12 CO(1-0), from CARMA observations of NGC4429 by Alatalo et al. (2013) , overplotted on the same HST unsharp-masked image as in Figure 1 . Despite the vastly different resolutions, the CARMA 12 CO(1-0) map is clearly inconsistent with the 12 CO(3-2) map. This visual impression is confirmed by creating a KINMS model using the best-fit 12 CO(3-2) surface brightness profile, but convolved with the CARMA synthesised beam. This does not provide a good fit to the 12 CO(1-0) data cube. The 12 CO(1-0) line is also almost 100 km s −1 wider than the 12 CO(3-2) line observed here (see Figure 4 and Davis et al. 2011a ). The 12 CO(2-1) line was also observed by Davis et al. (2011a) , and although a slight pointing error means the spectrum is lopsided, it too appears to be wider than the 12 CO(3-2) line. Given the rising rotation curve revealed by Figure  3 , this is naturally explained by a more radially extended low-J CO distribution.
KINMS modelling of the 12 CO(1-0) data suggests that the surface brightness of the low-J gas can be well fit by Equation 1, but without the outer cutoff and plateau that was required for 12 CO(3-2). The 12 CO(1-0) is thus likely to have a similar inner profile shape, but with an uninterrupted exponential decrease towards the outer parts of the disc (echoing the findings of Davis et al. 2013a) .
What causes this confinement of the hotter/denser 12 CO(3-2) emitting gas to the inner regions? And what sets the inner and outer truncation radii? 12 CO(1-0) has a critical density of ≈1400 cm −3 and an excitation temperature of 5.53 K, while 12 CO(3-2) is excited in denser (≈ 7 × 10 4 cm −3 ) and warmer (≈15 K) gas. In a well-mixed gas disc one would not expect a strong truncation of the hotter/denser gas, but a more gradual transition. We investigate physical processes that can lead to this morphology in the following sections.
Resonances
Many of the ways to create rings and gaps in gas distributions rely on (rotating) non-axisymmetric features in the galaxy potential, that can lead to resonances throughout the disc (see e.g. the review by Buta & Combes 1996) . It is possible that the features we see in the gas distribution of NGC4429 are related to resonances due either to its large-scale bar (that may also have caused the outer (pseudo-)ring visible at large radii in Fig. 1 ), or a putative nuclear/secondary bar of a similar extent to the molecular gas disc itself. Indeed, the disc studied here is very reminiscent of the nuclear discs often observed within the inner Lindblad resonance (ILR) of barred disc galaxies.
We investigate this further in Figure 15 . Let us define the angular frequency of a parcel of gas as Ω ≡ |V circ |/R, with R the radius and V circ the circular velocity at that radius. The epicyclic frequency κ, the frequency at which a gas particle oscillates about its guiding centre, is defined as
Any perturbation to axisymmetry with a pattern speed Ω p has a co-rotation resonance at the point Ω = Ω p . The outer and inner Lindblad resonances are then found at Ω p = Ω ± κ/2, respectively. Here we use two different methods to estimate Ω and κ for NGC4429. Firstly we use the MGE model of the luminous mass, combined with the M/L radial profile obtained from our best-fit KINMS model. We apply the M/L gradient at R < 5 only, and Figure 13 . M BH -σ e relation from the compilation of van den Bosch (2016) (grey points and dashed line). We show the SMBH mass measured for NGC4429 in this paper as a blue point, and highlight measurements from other works also using the molecular gas technique with red points. Our measurement of the SMBH mass of NGC4429 is consistent with the best-fit relation.
assume it flattens outside of this region, as seems to be required by the 12 CO(1-0) data. We smooth the M/L gradient between these two regimes to prevent an artificial break in κ at R = 5 , and include the best-fit SMBH as a point mass at the galaxy centre. The angular frequencies calculated in this manner are shown as black, green and blue lines in Figure 15 .
As a cross check we also calculate the same quantities directly from our data, by using the 'trace' of the major-axis PVD, as defined in Davis et al. (2013b) . This trace allows us to estimate V circ as a function of radius directly, from which we can calculate Ω and κ. These estimates of the angular frequencies are shown as orange data points in Figure 15 , and agree well with our MGE determinations.
We do not know what pattern speed a nuclear bar or other asymmetry may have in NGC4429, but we can verify if any reasonable Ω p can lead to resonances at the locations of the breaks in the observed CO profiles. We show the position of these breaks (the inner hole radius, the 12 CO(3-2) maximum extent, and the 12 CO(1-0) extent) as vertical grey bars in Figure 15 . As the red line in Figure 15 shows, a pattern speed of Ω p ≈ 680 km s −1 kpc −1 could cause resonances at the same locations as some of the structures we observe. The ILR would then lie at the inner edge of the disc and the 12 CO(3-2) emission would extend out to the co-rotation radius only. In this model the 12 CO(1-0) emission would extend much beyond the OLR.
However, this pattern speed is very fast when compared to those of large-scale bars found in spiral galaxies, and for nuclear bars typically formed in simulations (e.g. Friedli & Martinet 1993; Erwin & Sparke 2002; Aguerri et al. 2015) . In addition, these simulations show that typically the large-scale and nuclear bars share resonances (Pfenniger & Norman 1990) . We estimate that the largescale bar visible in SDSS images (Figure 1 ) ends at a (de-projected) radius of ≈5.6 kpc, that would not correspond to any of the observed features. We note however that we do not know the behaviour of the stellar M/L at these radii, and can only make the assumption that it stays constant. However, to force the co-rotation resonance of the nuclear bar to fall at the same location as the ILR of the primary bar (as is often the case in simulations; Pfenniger & Norman 1990; Shen & Debattista 2009) 
at R= 5.6 kpc), which is likely unphysical. We thus consider a resonance origin for the gas morphology to be disfavoured, although we cannot rule it out entirely.
Stability
The strong confinement of the hotter/denser 12 CO(3-2) emitting gas to the inner regions of the molecular gas disc could naturally arise if the gas is more stable outside a radius of ≈450 pc. If this were the case, gravitational perturbations that create dense gas and star formation within that radius could be suppressed outside of it. Support for this idea also comes from the HST image presented in Figure 1 . Inside this radius the dust distribution is interrupted by various bright clumpy structures, that are likely HII regions from ongoing star formation. These bright structures are less frequent outside this radius, suggesting star formation is less abundant in the outer disc.
The Toomre (1964) stability parameter for a gaseous disc is Q = κσ gas πGΣ gas , where κ is the epicyclic frequency as defined in Eqn. 6, σ gas is the gas velocity dispersion, G is the gravitational constant and Σ gas is the surface density of the gas. In a gas disc with Q < 1, the selfgravity of the gas disc is sufficient to overcome the opposing forces and lead to gravitational collapse, whereas Q > 1 indicates that the disc is supported and stabilised kinematically. Note that while Q > 1 ensures stability against axisymmetric perturbations, larger values (Q ≈ 2 − 3) are required to stabilise the disc against non-axisymmetric perturbations (Romeo & Mogotsi 2017) . Observations of spiral galaxies show that Q typically spans the range ≈0.5 -6 (see e.g. Martin & Kennicutt 2001) . Figure 16 shows the Toomre (1964) stability parameter of NGC4429 as a function of radius, where we used the model of the total surface density profile Σ gas (r) of the 12 CO(1-0) emitting gas (as discussed in Section 5.2), normalised such that a thin disc with this profile has the same total molecular gas mass as found in Alatalo et al. (2013) . We fixed σ gas to 2.2 km s −1 , as found in Section 4.3.5, and derived κ as in Section 5.2.2. We propagated the observational uncertainties on Σ gas (2.5 M pc −2 ; Alatalo et al. 2013) and assumed an uncertainty of 10 km s −1 on V circ (as above) to determine the uncertainties on Q. Figure 16 shows that around the outer truncation of the dense 12 CO(3-2)-emitting gas (indicated with a vertical dashed line), the disc of NGC4429 does appear to become more stable. Although it appears from this calculation that the entire disc is marginally stable, Q is only an approximation and we did not include the effect of the stellar disc, which deepens the potential and makes the gas less stable (see e.g. Romeo & Wiegert 2011) . To first order, however, the increased stability of the gas in the outer parts of the disc could help explain why the dense 12 CO(3-2) emitting gas is confined to the inner parts of the galaxy (while the more tenuous CO(1-0) emitting gas is more extended).
The stability of the gas also increases in the galaxy centre. This increase starts at a radius of ≈125 pc and reaches Q ≈5 at ≈40 pc. Beifiori (2011) show that the dominant gas ionisation mechanism in NGC4429 changes at small radii. HII regions dominate in the outer parts, while AGN photoionisation takes over at a radius of ≈120 pc. This suggests the higher stability of the gas is affecting star formation in the inner parts of this galaxy. It is also possible that the increasing stability of the gas in the inner parts is linked to the formation of the hole in the gas disc. However, the radius of the hole is smaller than the radius at which the stability of the gas begins to increase. It is also possible that the hard radiation field around the low-luminosity AGN heats the gas in the region between ≈40 and 125 pc, compensating for the lower density and allowing 12 CO(3-2) emission to still be detected. High resolution 12 CO(1-0) observations would be required to fully test this hypothesis.
Tidal forces
In the region around an SMBH the molecular clouds in galaxies are subject to strong tidal forces. As discussed by Sarzi et al. (2005) , tidal forces may play a role in suppressing star formation around the massive black holes of early-type disc galaxies, and thus could potentially help explain the central hole in the molecular cloud distribution of NGC4429. Assuming the clouds are self-gravitating fluid bodies then the Roche limit, beyond which they break up, is given by
where M BH is the SMBH mass and ρ cloud is the mean density of the molecular cloud. Interestingly, this formula predicts that, for a SMBH mass of 1.5 × 10 8 M , clouds with density less than ≈ 9 × 10 4 cm −3 should not survive inside the radius of the observed molecular gas hole (≈48 pc). This density is very similar to the critical density of the J=3-2 CO transition we are observing here (≈ 9 × 10 4 cm −3 ). Of course denser clumps of gas could still survive inside this radius. The densest parts of molecular clouds reach ≈ 10 7 cm −3 , and such clouds could hold together against tidal forces until ≈10 pc from the SMBH. Other forces (e.g. external pressure) can also provide additional confinement, and allow even low-density clouds to survive closer to the SMBH. Tidal forces alone thus cannot explain why we do not detect 12 CO(3-2) in the very centre of NGC4429. It is, however, possible that a combination of tidal forces and other mechanisms mentioned above could be important. As noncircular motions in NGC4429 seem to be negligible, any cloud present has to have formed in this region. The low gas velocity dispersion and increasing stability of the gas in the centre of NGC4429 (Section 5.2.3) will tend to suppress cloud fragmentation and limit the density distribution of the clouds that do form. Hydrodynamic simulations suggest that in a stable low velocity dispersion disc, volume densities larger than ≈ 10 3 cm −3 are unlikely (e.g. left panel of Figure 4 in Martig et al. 2013) . If this were indeed the case, then within ≈50 pc of the SMBH, where tidal forces are high, one would not expect new molecular clouds to form in NGC4429. However, in NGC4697, which has a very similar low dispersion molecular gas disc as NGC4429, gas is detected at very small radii around the SMBH. This argues that even if such a mechanism is important in NGC4429, it may not be important in all galaxies. High resolution observations of other CO transitions, with different critical densities, will be required to determine the correct interpretation. Figure 15 . Angular frequency (black solid line) and angular frequency plus (green dashed line) and minus (blue dashed line) the epicyclic frequency of the disc of NGC4429, extracted from our MGE models, as a function of radius. These curves define the location of the co-rotation and outer/inner Lindblad resonances, respectively. Also shown as orange data points with error bars are the same quantities extracted directly from our ALMA data. The grey bars show the location of the inner and outer truncation radii of the 12 CO(3-2) disc, and the outer edge of the 12 CO(1-0) disc. The red line shows a potential pattern speed leading to resonances at two of these locations. A single pattern speed can thus potentially explain some of the morphological features seen in the molecular gas disc of NGC4429, albeit with a very high pattern speed. Figure 16 . Toomre Q parameter within the CO emitting disc of NGC4429. The dotted vertical line indicates the location of the central hole in the gas distribution. The dashed line indicates the edge of the 12 CO(3-2) emitting disc, beyond which the disc is only traced in lower-J transitions, likely because of the increasing stability in this region.
Continuum emission
As discussed above, we only detect continuum emission from the nuclear region of NGC4429. This is despite the predicted intensity of 340 GHz thermal dust emission (from blackbody fits to the Herschel photometry; di Serego Alighieri et al. 2013; Smith et al., in prep.) being significantly higher than our detection threshold. It is thus likely that we are resolving out emission from the large-scale dust disc, and are left with only emission from the central regions of the galaxy. As such are unable to study the dust properties of the clouds in the main disc of the galaxy.
One can, however, consider what mechanism is powering the emission we do detect from the central regions of NGC4429. For the central source, our measured 340 GHz (883 µm) integrated flux density of 1.38 ± 0.07 ±0.14 mJy is higher than the 5 GHz flux density (0.40 ± 0.02 mJy) reported by Nyland et al. (2016) . These two measurements yield a radio spectral index of 0.29±0.03. At these high frequencies both synchrotron and free-free emission are expected to have negative spectral indices. In addition, CARMA observations from Alatalo et al. (2013) set an upper limit to the continuum flux at 115 GHz of 0.375 mJy, effectively ruling out synchrotron and free-free radiation as the source of the detected emission.
We thus suggest that we are detecting thermal dust emission from material in the torus and narrow-line region heated by a lowluminosity AGN. The fact that this emission is marginally resolved suggests there must be a dust structure at the centre of NGC4429, that is perhaps too hot to be traced well by mid-J molecular gas tracers.
Gas velocity dispersion
As discussed above, the velocity dispersion in the molecular gas disc of NGC4429 seems abnormally low. A similar signature was also seen in NGC4697 . In that object part of the explanation seemed to be that the total molecular gas mass was low, making it unlikely that the GMC mass function was fully populated. The GMC population of NGC4429 will be studied in de-tail in a future work (Liu et al., in prep.) . However, in this source, the total molecular mass is an order of magnitude higher than in NGC4697, suggesting that the GMC mass function will be much better sampled.
We are thus left searching for additional physical mechanisms that can explain this low velocity dispersion. As discussed in , one possible explanation of this discrepancy is a hard radiation field, that may indeed be present in NGC4429 (that is embedded deep in the hot X-ray halo of the Virgo cluster and has a low-luminosity AGN). Given the ≈15 pc resolution of our observations, each line-of-sight likely intersects only a single cloud, and the dispersion we measure is likely dominated by intra-cloud motions. In a hard radiation field, it is possible that the CO molecules are confined deeper inside the molecular clouds, in dynamically colder regions where both thermal and non-thermal motions would be reduced (Shetty et al. 2011; Clark & Glover 2015) .
Evidence has been mounting in recent years that cloud-scale gas structures do vary within and across galaxies (e.g. Rosolowsky 2005; Hughes et al. 2013; Leroy et al. 2015; Utomo et al. 2015) . Leroy et al. (2016) have shown that the gas velocity dispersion of molecular clouds correlates strongly with their surface density (their Equation 13). The measured gas velocity dispersion of NGC4429, 2.2 +0.68 −0.65 km s −1 , suggests that the mean surface density of its molecular clouds is around 2.6 M pc −2 (if this relation holds in sources of this type). Assuming a Galactic CO-to-H 2 conversion factor and the measured CO(3-2)/CO(1-0) ratio of 1.06 we find that the observed molecular cloud surface densities in NGC4429 are significantly higher than this, varying from ≈40 to ≈1000 M pc −2 in ≈60×60 pc 2 resolution elements. We thus conclude that the surface densities of these clouds are unlikely to be the reason they have low velocity dispersions. We will explore the discrepant behaviour of the clouds in this object in detail in a future work (Liu et al., in prep.) .
Another possible explanation for the low gas velocity dispersion is the stabilising influence of the galaxy bulge (so-called 'morphological quenching'). Martig et al. (2009 Martig et al. ( , 2013 showed using hydrodynamic simulations that the presence of a large bulge can stabilise a low-mass gas disc against star formation, leading to a low velocity dispersion. In Section 5.2.3 we found that the gas disc of NGC4429 is marginally stable, as would be expected in this scenario. If 'morphological quenching' were playing a role in this object, however, we would also expect it to have a low star formation efficiency (SFE). But, unlike NGC4697, NGC4429 appears to have a fairly normal SFE , making this explanation less appealing.
Further observations of galaxies with dynamically cold gas discs are required to confirm which, if any, of these mechanisms can explain this phenomenon.
CONCLUSIONS
In this work we presented observations, taken as part of the WISDOM project, of the nearby fast-rotating early-type galaxy NGC4429, that has a boxy/peanut-shaped bulge. We observed 12 CO(3-2) emission from this object with the Atacama Large Millimeter/submillimeter Array (ALMA) in cycle-2, with a linear resolution of 14×11 pc 2 (0. 18 × 0. 14).
NGC4429 has a flocculent molecular gas disc of radius ≈400 pc, with a central hole of radius ≈40 pc. The warm/dense 12 CO(3-2) emitting gas appears to be confined to the inner parts of an obscuring dust disc visible in HST images, possibly as a consequence of the increasing stability of the gas in the disc outer regions. Suppressed fragmentation and high tidal shear may act together to prevent the formation of molecular clouds close to the very centre of this galaxy, creating the observed molecular hole.
A forward modelling approach in a Bayesian framework was used to fit the observed data cube of NG4429 and estimate the SMBH mass, stellar M/L, and numerous parameters describing the structure of the molecular gas disc. A strong M/L gradient is required in the central 200 pc, although this gradient includes both real M/L variations and the effects of potential errors in the mass modelling.
We estimated a mass of (1.5±0.1 +0.15 −0.35 )×10 8 M for the SMBH in the centre of NGC4429, where the two uncertainties reflect the random and systematic uncertainties, respectively. This SMBH mass is fully consistent with the previous upper limit of 1.8 × 10 8 M set by Beifiori et al. (2009) . NGC4429 lies slightly above the best-fit M BH -σ e relation of van den Bosch (2016), but well within the scatter.
NGC4429 was found to have a very low molecular gas velocity dispersion, similar to that found in NGC4697 ), but in this object the GMC mass function is likely to be well sampled, so another physical mechanism is likely required to explain the low dispersion. It is possible that the large bulge of NGC4429 stabilises the gas disc (as expected from simulations of morphological quenching), but the SFE appears normal, and hence this explanation is disfavoured. We suggest that the CO molecules may be confined deeper inside the molecular clouds by a hard cluster radiation field, but clearly more data are required to truly understand the origin of these incredibly low velocity dispersions.
This SMBH measurement using molecular gas dynamics, the sixth presented in the literature, once again demonstrates the power of ALMA to constrain SMBH masses. As the technique comes of age, it will become possible to probe secondary black hole -galaxy correlations, and shed further light on the physics behind the coevolution of SMBHs and their host galaxies. This paper has been typeset from a T E X/L A T E X file prepared by the author.
